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A nonsingular bouncing cosmology can be achieved by introducing a fermion field with BCS con-
densation occurring at high energy scales. In this paper we are able to dilute the anisotropic stress
near the bounce by means of releasing the gap energy density near the phase transition between
the radiation and condensate states. In order to explain the nearly scale-invariant CMB spectrum,
another fermion field is required. We investigate one possible curvaton mechanism by involving one
another fermion field without condensation where the mass is lighter than the background field. We
show that, by virtue of the fermion curvaton mechanism, our model can satisfy the latest cosmolog-
ical observations very well, and that the fermion species involved may realize a cosmological see-saw
mechanism after one finely tunes model parameters.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Nonsingular bouncing cosmologies can resolve the initial
singularity and horizon problems of the hot Big-Bang
theory. These types of cosmological scenarios appear in
many theoretical constructions [1–21]. We refer to [22–
24] for recent reviews of various bouncing cosmologies.
Most nonsingular bounce models are based on the matter
fields with integer spins, i.e. the bosonic sector of the uni-
verse. However, the fundamental particles that make up
the macroscopic world are dominated by fermion fields,
and it is interesting to investigate their effects in the early
universe. Recently, it was found in [25, 26] that a nonsin-
gular bounce can be achieved by means of a fermion field
with a condensate state in the ultraviolet (UV) regime.
In this model, Einstein gravity is extended to have
topological terms, which present gravitational interac-
tions with the Dirac fermions, and torsion, which leads to
Four-Fermion current densities and therefore effectively
contribute to a negative energy density that evolves as
∼ a6. In the infrared (IR) regime, the fermion-field is
dominated by its mass term which generates a matter-
like contraction preceding the nonsingular bounce. Thus,
this model nicely supports the paradigm of the matter-
bounce scenario [27, 28] that is necessary for generating a
nearly scale-invariant power spectrum of primordial per-
turbations in the contracting phase.
While the bounce model realized by this nontrivial
cosmological fermion field can realize the matter-bounce
scenario and provide a framework of generating power-
spectrum of observational interest, it shares a common
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issue that exists in a large class of bouncing cosmologies.
That is, their contracting phases are not stable against
the instability to the growth of the anisotropic stress,
which is known as the famous Belinsky-Khalatnikov-
Lifshitz (BKL) instability issue [29]. In the context of
scalar field cosmology, this issue can be solved if there
exists a phase with a steep and negative-valued potential
which dominates over the anisotropies in the contract-
ing phase [30–33]. A concrete realization of such a new
matter-bounce by using scalar fields was constructed in
[34] (see [35, 36] for extended studies and [24] for a recent
review).
In the present work we take a close look at the cosmo-
logical implication of a Dirac Fermion field and show that
the new matter-bounce scenario can be achieved in this
model due to the gap energy released during the tran-
sition from a regular massive fermion state to the state
of a Four-Fermion condensation. As the scale factor de-
creases, the vacuum expectation value of the fermion bi-
linear 〈ψ¯ψ〉 grows as ∼ a−3 and evolves to a critical value
that triggers the condensation phase transition. Then,
the value of 〈ψ¯ψ〉 is locked at the surface of a phase tran-
sition and therefore so is the scale factor. As a result,
a large amount of gap energy density which dominates
anisotropic stress near the bounce.
Based on this scenario, we study a new curvaton
mechanism by considering another flavor of a fermion
field in which the mass is much lighter than the back-
ground one. Fluctuations of this fermion field, originat-
ing from a quantum vacuum state, can form a scale-
invariant spectrum during the matter-like contracting
phase. These fluctuations automatically dominate over
the curvature perturbation at large length scales since
those of the background field are suppressed by its mass
term. Therefore, our two-flavor fermion field model pro-
vides a fermion curvaton mechanism for generating a
scale-invariant power spectrum of primordial curvature
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2perturbation which can explain the CMB temperature
anisotropies [37]. Moreover, by studying primordial ten-
sor perturbations, we find that, by virtue of this mecha-
nism, there exists a large parameter space for the tensor-
to-scalar ratio to be consistent with the latest experi-
ments, such as the BICEP2 data [38].
The paper is organized as follows. In Section II, we
briefly review the bouncing cosmology by means of the
fermion condensate. Then, in Section III we present the
detailed study on the theoretical constraint from primor-
dial anisotropies. To address the instability issue arisen
from primordial anisotropies, in Section IV we analyze
the cosmological implication of the gap energy density re-
stored in the fermion field and numerically show that this
part of contribution can give rise to a period of contrac-
tion. Afterwards, in Section V we study the primordial
gravitational waves generated in this model. We conclude
with a discussion in Section VI. Throughout the paper we
take the sign of the metric to be (+,−,−,−) and define
the reduced Planck mass through κ ≡ 8piG = 1/M2p .
II. THE BOUNCE COSMOLOGY WITH
FERMION CONDENSATE
We start by briefly reviewing the cosmology of the
fermion condensate model. Consider a universe filled
with a fermion field, one can write down the action as
S = SGR + Sψ , (1)
where the Einstein-Hilbert action is expressed in terms
of the mixed-indices Riemann tensor RIJµν = F
IJ
µν [ω˜(e)]
SGR =
1
2κ
∫
M
d4x|e|eµI eνJRIJµν , (2)
the Dirac action Sψ on curved space-time reads
Sψ =
1
2
∫
M
d4x|e|
(
ψγIeµI ı∇˜µψ −mψψψ
)
+ h.c. , (3)
and finally the interacting part of the theory is:
SIntψ =−ξκ
∫
M
d4x|e| JLψ JMψ ηLM , (4)
which only involve the axial vector current Jψ of the ψ
fermionic species.
Varying the action with respect to the vierbein can
yield the following energy-momentum tensor
Tψµν =
1
4
ψγIe
I
(µı∇˜ν)ψ + h.c.− gµνLψ . (5)
Using comoving coordinates for a Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) universe, we can solve the
Euler-Lagrange equations of the system using the ansatz
for the fermion field ψ = (ψ0, 0, 0, 0), and find that
ψ¯ψ =
nψ
a3
. (6)
Using the Fierz identities, we can then write the first
Friedmann equation taking into account the contribu-
tions due to the fermionic field:
H2 =
κ
3
mψ
nψ
a3
+ ξ
κ2
3
n2ψ
a6
. (7)
One can see the first term in the above expression corre-
sponds to the regular phase of the fermion field which is
dominated by the mass term. The second term appears
when the fermion field enters the condensate state with
ξ < 0. When applied to the cosmological background,
the fermion condensate state can effectively contribute
to a negative energy density and hence cancels the en-
ergy densities from regular matter fields. Therefore, a
nonsingular bouncing solution is achieved.
To be explicit, for a universe filled with a single fermion
field ψ as described above, one can derive the solution of
the scale factor of the metric as:
a=
(
3
4
κmψnψ(t− t0)2− ξκ nψ
mψ
) 1
3
. (8)
In this solution, one can see that the universe shrinks
to the minimal size when t = t0, i.e. a0 = (− ξκnψmψ )1/3,
which is real if ξ < 0.
III. CONSTRAINT FROM THE ANISOTROPIC
INSTABILITY
A general challenge for bouncing cosmologies is to ensure
that the contracting phase is stable against the instability
to the growth of anisotropic stress, whose energy den-
sity grows as a−6. This is the famous BKL instability
issue of any cosmological models involving a contract-
ing phase. In particular, for the matter-bounce cosmol-
ogy, the background energy density scales as a−3 and
hence, one needs to introduce a mechanism to suppress
the growth of this unwanted anisotropies in the contract-
ing phase. In the model of fermionic bounce, the energy
density contributed by the fermionic condensate evolves
also as a−6 but with a negative sign. In this case, whether
the model is stable depends on the initial condition one
chooses, namely, it is marginally stable if initially the
contribution of the anisotropic stress is much lower than
that of the fermionic condensate. We perform an esti-
mate on the theoretical constraint from the anisotropic
instability.
In general, the anisotropic stress originate from the
cosmic fluid through the decomposition of the energy
stress tensor as follows,
Tµν = (ρ+ P )uµuν + gµνP + piµν , (9)
where the uµ is the 4-velocity, ρ the energy density, P
the pressure, and pi the anisotropic stress tensor. The
latter is related to the shear tensor σij through,
σ˙ij + 3Hσ
i
j =
1
M2p
(piij −
1
3
δijpi
k
k) . (10)
3The existence of the shear tensor leads to a backreaction
to the background energy density, contributing by
ρA =
1
2
σijσ
j
i . (11)
By inserting the energy stress tensor into the above
expression, one can easily estimate the contribution of
the anisotropy in the model of fermionic bounce, which
is roughly expressed as
ρA ∼ Tr(γiγj)
M2p
ψ¯ψ〈δψ¯δψ〉 , (12)
where we have taken the average spatial derivative of
the fermion fluctuation in the order of the Hubble rate.
From this expression, it is easy to see that the energy
density from the anisotropic stress in the current model
also evolves as a−6 as ψ ∼ a−3/2. Then, to compare
with the background equation of motion provided in the
previous section, one can easily find that the model is
marginally stable against the anisotropic instability only
when
〈δψ¯δψ〉/M2p  m . (13)
In this case, the background universe will be of the FLRW
form.
Following the analysis of Ref. [25], we have the relation
between the power spectrum of curvature perturbation
and the correlation function of the fermion fluctuations
as
Pζ ' O(1) 〈δψ¯δψ〉
4ψ¯ψ
, (14)
for the single fermion field model. Thus we can elimi-
nate the correlation function in the constraint equation
(13). One can estimate the upper bound by making use
of the maximal value of the ψ¯ψ, which is the fermion
density at the bounce n0. Correspondingly, one derives
the following constraint
m 4Pζ n0/M2p , (15)
for the mass of the fermion field. As a simple estimate,
one may take Pζ ∼ 10−9 and n0 . M3p , and then the
constraint becomes m  10−9Mp. However, one also
needs to fine tune an extremely small value for the mass
parameter at the very beginning of matter contraction so
that the power spectrum generated in this stage is nearly
scale invariant. To be specific, if we expect that primor-
dial perturbations generated during matter contraction
can cover at least 10 e-folds for the CMB sky, the corre-
sponding mass is required to be m 10−30n0/M2p . The
constraint would be much more stringent if we consider
the number of e-folds of primordial perturbations to be
larger. As a result, it is difficult to reconcile the above
two constraints consistently.
A solution of solving this anisotropy problem is to in-
troduce a period of contraction in which the universe is
dominated by a matter field with an equation of state
parameter much larger than unity. To achieve this, one
introduces a scalar field with a negatively valued expo-
nential potential. However, in the model of fermionic
bounce, we will find that the gap energy stored in the
phase transition can realize this a large barytropic index,
as will be shown in the next section.
IV. FERMION-BOUNCE COSMOLOGY
We consider in this section a variant of the model ad-
dressed in [25]. We first take a closer look at the cosmic
evolution during the phase transition which connects the
matter contraction and the phase of the fermion conden-
sate. We show that the gap energy stored in this stage
can help to realize a period of fermionic contraction and
hence, the unwanted anisotropy generated in matter con-
traction would be diluted out. Furthermore, in order
to meet with the constraint from the scale invariance of
power spectrum, we make use of the curvaton mechanism
by including one extra fermion field. The mechanism we
are presenting works then as we were introducing a “cur-
vaton fermionic field”, instead of curvaton scalar field.
A. Erasing anisotropic stress from the phase
transition
In the previous study of the fermion bounce model [25],
it is assumed that the gap energy is secondary during
the phase transition. Along with the cosmic contraction,
the value of the fermion bilinear increases and evolves
to a critical value that is about to trigger the fermion
condensate phase. If we take a closer look at the physi-
cal implication of the phase transition, it is interesting to
observe that during this period, the gap energy can be re-
leased to increase the energy density of the universe and
hence the amplitude of the Hubble rate. In the mean-
while, however, the value of the fermion bilinear ψ¯ψ does
not necessarily vary dramatically. This implies, the scale
factor of the universe can vary slowly during the phase
transition and therefore a period of fermionic contraction
is achieved. Correspondingly, we expect that the phase
transition connecting the regular fermion phase and the
fermion condensate phase can be used to give rise to the
fermionic-matter bouncing solution.
We depict the shape of the potential for the fermion
field in the sketch plot in Fig. 1. In the figure, when
ψ¯ψ lies in the left side of the green dot lines, the poten-
tial is a linear function and thus simply a mass term. In
the right side of the green dot lines, the potential bends
into a negative value due to the fermion condensate ef-
fect. The narrow regime separated by these two green
dot lines corresponds to the phase transition stage. One
can easily see that the gap energy can be released in this
stage while the value of ψ¯ψ is almost conserved. The
potential for the fermion field with the above properties
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FIG. 1: A sketch of the potential V as a functions of the
bilinear ψ¯ψ. Along with the variation of ψ¯ψ, the field space
is separated into three regimes: the regular massive fermion,
the fermion condensate, and the phase transition regime that
connects the previous two. We find that the gap energy stored
in the phase transition can effectively leads to a period of
matter-bounce phase.
may be parameterized as the following form,
V = mψψ¯ψ
1− tanh[α(ψ¯ψ − (ψ¯ψ)∗)]
2
+ [mψ(ψ¯ψ)∗ + ∆ρ+ ξκ(ψ¯ψ − (ψ¯ψ)∗)2]
× 1 + tanh[α(ψ¯ψ − (ψ¯ψ)∗)]
2
(16)
where α is introduced to smooth the slope of the potential
near the phase transition and ∆ρ represents for the gap
energy density. Additionally, (ψ¯ψ)∗ denotes the value of
the fermionic bilinear term around the phase transition.
In this section, we numerically examine the dynamics
of the model under consideration. We show the evolu-
tions of the Hubble parameter H and the Equation of
State (EoS) w of the background universe in Fig. 2. In
particular we choose the model parameters as follows:
mψ = 10
−8 , ξ = −1 × 10−5.5 , α = 50 , (ψ¯ψ)∗ =
0.08 , ∆ρ = 10−7.5 , mχ = 10−10, all dimensional pa-
rameters being of Planck units. We use the blue solid line
to depict the Hubble parameter and the green solid line to
represent for the EoS. From the evolution of the Hubble
parameter, one can read that the universe transits from
a contracting phase to an expanding one smoothly and
when t = 0, a nonsingular bounce takes place. The EoS
w initially equals zero, which implies that the universe
behaves as a dust-like one during the contraction. Then
w evolves to above unity and correspondingly the back-
ground universe evolves into the matter-bounce phase for
a while. At the bouncing point, w decreases dramatically
and evolves to negative infinity.
Having known the dynamics of the Hubble parameter,
one can integrate out the evolutions of the scale factor
and then the scalar bilinear ψ¯ψ exactly. In order to bet-
ter understand the background fermion field, we numer-
ically track its dynamics throughout the whole evolution
as shown in Fig. 3. From the figure, one can explicitly
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FIG. 2: Numerical plot of the evolutions of the Hubble pa-
rameter H and the background EoS w as a function of cosmic
time in the model under consideration. In the numerical cal-
culation, we take the values of model parameters as provided
in the main text. All dimensional parameters are of Planck
units.
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FIG. 3: Numerical plot of the evolution of the bilinear ψ¯ψ as
a function of cosmic time in the model under consideration.
In the numerical calculation, we take the values of model pa-
rameters as provided in the main text. All dimensional pa-
rameters are of Planck units.
find that the bilinear ψ¯ψ reaches the maximal value at
the bouncing point.
B. A two-field model
In this section we show how to consistently generate a
scale invariant scalar power spectrum with two fermion
fields. We start from the action
S = SGR + Sψ + Sχ + SInt , (17)
5where the Einstein-Hilbert action is expressed in terms
of the mixed-indices Riemann tensor RIJµν = F
IJ
µν [ω˜(e)]
SGR =
1
2κ
∫
M
d4x|e|eµI eνJRIJµν , (18)
the Dirac action Sψ on curved space-time reads
Sψ =
1
2
∫
M
d4x|e|
(
ψγIeµI ı∇˜µψ −mψψψ
)
+ h.c. , (19)
and finally the interacting part of the theory is:
SIntψ =−ξκ
∫
M
d4x|e| (JLψ JMψ + JLχ JMχ ) ηLM , (20)
which only involve the axial vector current Jψ of the ψ
fermionic species.
The two Dirac Lagrangians respectively reads,
Lψ= 1
2
(
ψγIeµI ı∇˜µψ −mψψψ
)
+ h.c.− ξκ JLψJKψ ηLK ,
(21)
and
Lχ = 1
2
(
χγIeµI ı∇˜µχ−mχχχ
)
+ h.c.− ξκ JLχ JKχ ηLK ,
(22)
and yield the energy-momentum tensors
Tψµν =
1
4
ψγIe
I
(µı∇˜ν)ψ + h.c.− gµνLψ , (23)
and
Tχµν =
1
4
χγIe
I
(µı∇˜ν)χ+ h.c.− gµνLχ . (24)
We can solve the Euler-Lagrange equations of the system
using the ansa¨tze for the fermion fields ψ = (ψ0, 0, 0, 0)
and χ = (χ0, 0, 0, 0), and find that
ψ¯ψ =
nψ
a3
, χ¯χ =
nχ
a3
. (25)
Using the Fierz identities, we can then write the first
Friedmann equation taking into account the contribu-
tions due to the two fermionic species
H2 = ξ
κ2
3
n2ψ
a6
+
κ
3
mψ
nψ
a3
+ ξ
κ2
3
n2χ
a6
+
κ
3
mχ
nχ
a3
. (26)
The scale factor of the metric then reads
a=
(
3κ(mψnψ+mχnχ)
4
(t− t0)2−
ξκ (n2ψ + n
2
χ)
(mψnψ +mχnχ)
) 1
3
,
(27)
therefore its value in t0 it is found to be
a0=
(
− ξκ (n
2
ψ + n
2
χ)
mψnψ +mχnχ
) 1
3
'
(
−ξκ (n
2
ψ + n
2
χ)
mψnψ
) 1
3
. (28)
We may now consider the perturbations to the energy
density which is
ζ =
δρ
ρ+ p
. (29)
Since we have two fermionic species with different values
of the bare mass, the two contributions to the variation
of the energy densities read
δρ = (30)
(mχ+ξκχχ)(δχχ+ χ δχ)+
(
mψ+ξκψψ
)(
δψ ψ + ψ δψ
)
+ξκ
[
ψγ5ψ(δψ γ5ψ + ψγ5δψ)+ψγ
Lψ(δψγLψ + ψγLδψ)
]
+ξκ
[
χγ5χ(δχ γ5χ+ χγ5δχ)+χγ
Lχ(δχγLχ+ χγLδχ)
]
,
while for the denominator of (29) reads
mχχχ+mψψψ + 2ξκ
(
JLψJ
M
ψ + J
L
χ J
M
χ
)
ηLM . (31)
Whenever we meet the requirement
mψnψ  mχnχ , (32)
we end up having for the ζ variable
ζ ' mχ (δχχ+ χ δχ)
mψψψ
. (33)
Therefore the autocorrelation function for ζ(t, ~x) now
reads
PS = 〈ζ(t, ~x)ζ(t, ~x)〉 =
m2χ
m2ψ
χχ 〈δχδχ〉
4(ψψ)2
, (34)
having assumed that: i) mψ>>mχ, so perturbations due
to the ψ field are suppressed at super-horizon scale, since
their wavenumber are more blue-shifted with respect to
the perturbations of the χ field; ii) cross-correlation be-
tween perturbations of the two different fermionic species
can be neglected, since they are due to an interaction in-
volving a graviton loop, which suppressed by the forth
power of the Planck mass Mp.
The perturbations to the χ field can now be computed
resorting to the same kind of assumptions discussed in
[25]. The scale factor for the metric, away from the
bounce, reads again a(η) ' η2/η20 , but now
η0 = [κ(mψnψ +mχnχ)]
−1/2 , (35)
which in the assumption (32) becomes
η0 ' (κmψnψ)−1/2 . (36)
The equation for the perturbations of the χ field now
reads (
γIeµI ı∇˜µ −mχ − 2ξκχgχg
)
δχ = 0 , (37)
6in which we may use the background solution χg so far
recovered. We then reshuffle the equation of motion for
the spinor perturbations and densitize them(
γIeµI ı∇˜µ −mχ − 2ξκ
√−g χ˜gχ˜g
)
δ˜χ = 0 . (38)
Using the background χ-fermion density, the latter equa-
tions recasts as(
ıγµ∂µ −mχ a(η)− 2ξκ nχ
a2(η)
)
δ˜χ = 0 . (39)
Following the procedure in [25], we can solve the Dirac
equation (39) in terms of
f˜±h =
1√
2
[u˜L,h(~k, η) + u˜R,h(~k, η)] ,
g˜±h =
1√
2
[v˜L,h(~k, η) + v˜R,h(~k, η)]. (40)
These come from rescaling densitized spinors up to u˜ =
a3/2u and v˜ = a3/2v, in terms of their chiral and helical
components
u˜(t,~k) =
∑
h
u˜h(t,~k) =
∑
h
(
u˜L,h(~k, η)
u˜R,h(~k, η)
)
ξh , (41)
v˜(t,~k) =
∑
h
v˜h(t,~k) =
∑
h
(
v˜R,h(~k, η)
v˜L,h(~k, η)
)
ξh , (42)
having introduced the helicity 2-eigenspinor, cast in
terms of the unit vector ~ˆk, which reads
ξh=
1√
2(1− h kˆz)
(
h(kˆx − ıkˆy)
ıkˆx − h kˆy
)
, ~ˆk·~σ ξh = h ξh, (43)
~σ denoting the Pauli matrices.
In terms of f˜h, we rewrite equation (39) as
f˜ ′′±h + ω
2(k, η)f˜±h = 0 , (44)
with an effective frequency term being defined by
ω2(k, η) = k2+m2χa
2+ımχa
′ + 2ξκnχ
(
mχ
a
−ı a
′
a3
)
.(45)
Since in our model χ plays the role of a curvaton which
does not contribute to the background evolution, the con-
dition mχ  mψ holds and then one can neglect the
second term of the effective frequency. In addition, the
third and the last term are imaginary and thus can be
smoothed out by taking the time-averaged evolution. Fi-
nally, the effective frequency mainly depends on the gra-
dient term k2 and the effective mass term 2ξκnχmχ/a.
Afterwards, we can solve the above solution in two
limits. First, we consider the gradient term to be dom-
inant, which corresponds to the sub-Hubble scales with
|kη|  1. In this limit, it is natural to impose the ini-
tial condition for the perturbation modes by virtue of
a Wentzel-Kramers-Brillouin approximation, which then
yields
f˜±h '
√
mχ
2k
e−ikη . (46)
This initial condition exactly coincides with the vacuum
fluctuations. Second, we study the asymptotic solution to
the perturbation equation in the limit of |kη|  1, i.e. at
super-Hubble scales. To apply the relation a(η) ' η2/η20
and Eq. (36), one can write down the effective mass term
as
− γ
η2
with γ = −2ξnχmχ
nψmψ
. (47)
Then, the equation of motion yields another asymptotic
solution, of which the leading term takes the form
f˜±h ' c(k) η
2(1+γ−√1+4γ)
3−√1+4γ , (48)
where c(k) is a k dependent coefficient to be determined
by matching the above two asymptotic solutions (46) and
(48) at the moment of Hubble crossing. As a result, the
asymptotic solution at super-Hubble scales is given by
f˜±h '
√
mχ
2k
(kη)
2(1+γ−√1+4γ)
3−√1+4γ . (49)
Substituting (49) into the expression (34) yields the
power spectrum of primordial curvature perturbations as
follows,
PS =
m3χnχ
m2ψn
2
ψ
k2
4pi2a2
(kη)
4(1+γ−√1+4γ)
3−√1+4γ , (50)
where we have applied the relations in (25). It is interest-
ing to notice that, when γ = 2 (i.e. ξ = −nψmψ/nχmχ),
the above power spectrum is exactly scale invariant and
the corresponding amplitude scales as η−2 during the
matter contracting phase. Therefore, the scale invari-
ant power spectrum generated in the fermion curvaton
mechanism is expresses as
PS =
m3χnχ
m2ψn
2
ψ
1
4pi2a2η2
, (51)
during the matter contracting phase.
We eventually evaluate the above expression at the end
of the matter contracting phase tE , at which the scale
factor takes the value aE , which then becomes,
PS =
m3χnχ
m2ψn
2
ψ
H2E
16pi2
, (52)
where ηE = 2/HE = 2/(aEHE) has been applied. Notice
that the time tE is also the beginning of the phase tran-
sition, at which perturbations become constant already,
throughout the rest of the primordial epoch, until these
reenter the Hubble horizon.
7If γ slightly deviates from 2 in (50), one can derive the
following expression for the spectral index
nS − 1 ≡ d lnPS
d ln k
' −2
3
(γ − 2) , (53)
which accounts for the spectrum to be red-tilted.
V. PREDICTIONS ON PRIMORDIAL
GRAVITATIONAL WAVES
In this section, we perform a calculation of the power
spectrum of primordial gravitational waves in the present
model. Note that, the evolution of primordial gravita-
tional waves decouple from other perturbation modes at
linear order and depends only on the background dynam-
ics. Since our model provides an explicit realization of
the new matter-bounce scenario, we can directly follow
the detailed calculation in [34] (see also [41]) and directly
write down,
PT = 1
ϑ2
H2E
a2EM
2
p
, with ϑ = 8pi(2q − 3)(1− 3q) , (54)
where HE and aE respectively denote the values of the
comoving Hubble parameter and of the scale factor at
the end of matter contracting phase, just right before the
phase transition. The coefficient q is a background pa-
rameter associated with the contracting phase, and thus
in our model is determined by the detailed procedure of
the phase transition, which typically is required to be less
than unity.
From the perspective of theoretical consideration, if
the universe evolves through the bounce without a
fermionic contraction phase, the maximal amplitude of
the Hubble rate is of order
mψ√
ξ
. Thus, in our model, when
the fermionic matter-bounce phase occurs, the amplitude
of the corresponding Hubble parameter has to be at most
the same order of
mψ√
ξ
. As an approximation, we can es-
timate the maximal case by suggesting, |HE | ' mψ√ξ , and
therefore, the corresponding power spectrum is approxi-
mately given by
PT ' 1
ϑ2
m2ψ
|ξ|M2p
. (55)
Accordingly, following the definition r ≡ PT /PS , one
can write down the tensor-to-scalar ratio of our model as
follows,
r =
16pi2
ϑ2
m2ψ
m3χ
n2ψ
nχM2p
, (56)
where we have approximately taken the condition of scale
invariance γ ' 2.
The latest cosmological observations indicate that
PS ' 2.2 × 10−9 [37]. While for the tensor-to-scalar ra-
tio the value r ' 0.2 detected by BICEP2 [38] has been
recently questioned in [39] and [40], in which it has been
shown that dust could still account for all or most part
of the signal of the primordial gravitational waves.
We disregard the hypothesis of non-detection of grav-
itational waves in this analysis, and take into account a
non-vanishing value for r consistent with the error bars,
namely r ∼ 10−2. The values of PS and r so far dis-
cussed, one applied into Eqs. (52) and (56), require two
further constraints. The first one turns out to be a con-
straint on the mass of the heavy species:
m2ψ . 10−11 |ξ|M2p . (57)
The assumption (32) implies large values of |ξ| =
(nψmψ)/(nχmχ), once in presence of a nearly scale-
invariant power spectrum (γ ' 2). The new constraint
(57) can then be thought as linking the mass of the heavy
species to the GUT scale, if a proper choice of ξ ' 104 is
done.
Combining Eqs. (52) and (56), we derive a further
constraint
m2ψ
m3χ
n2ψ
nχM2p
∼ O(1) . (58)
Once suitable values of the femionic species’ densities
have been fixed, the latter constraint can be shown to
be achieved in this model, and to link the mass of the
light species to the mass of the heavy one.
VI. CONCLUSION
To conclude, in the present paper we have studied
a nonsingular matter-bounce universe, which has been
achieved by introducing a background fermion field with
a condensation occurring at high energy scales. In the lit-
erature, it was already found that, embedding a noncon-
ventional spinor field into the FLRW universe, one can
derive a wide class of cosmological solutions. A spinor
field was indeed applied in the study of inflationary cos-
mology [42, 43], dark energy models [44, 45], and the
emergent universe scenario [46, 47]. Bearing in mind the
purpose of realizing a concrete example of spinor matter-
bounce cosmology that could be consistent with the lat-
est cosmological data, we have shown how the gap energy
density, eventually restored in the regular state of a cos-
mic fermion, can yield a short period of ekpyrotic phase
during the contracting phase of the universe. The deriva-
tion of a nearly scale-invariant CMB power-spectrum re-
quires the introduction of another matter field. As in
the ekpyrotic scenario, primordial anisotropies can be
washed out during the universe’s contraction, if we con-
sider a curvaton mechanism that involves one another
fermion field (without condensation), of which the mass
is lighter than the background field. Anisotropies can be
neglected when the amplitude of the curvaton perturba-
tions, to which they are associated, is found to be much
8smaller than the mass of the background spinor. The con-
tribution from the latter particle to energy density per-
turbations can be indeed neglected, because of the mass
hierarchy with curvaton spinor. The fermion curvaton
mechanism here developed enables this model to be con-
sistent with the latest cosmological data. Furthermore, it
bestows a framework in which realizing a see-saw mech-
anism endowed with phenomenological consequences in
cosmology. Assuming for the relative abundance of the
heavy ψ fermions over the light χ fermions the value
nψ
nχ
' 107 m
3
χ
nψ
, (59)
might allow in this context the see-saw mechanism. In-
deed, it would encode as the two fermions: i) a regular
neutrino, accounting for the light χ species of this model,
with a mass mχ < 10
−3eV that fulfills constraints from
Big-Bang nucleosynthesis and it is still compatible with
experimental data [48]; ii) a sterile neutrino, which cor-
responds to the background field i.e. the ψ species, with
mass at the GUT scale for the choice of the ratio in (59).
Smaller values than the GUT scale for the mass of the
background species ψ may be easily accounted in this
model.
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